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Table 1 Payload mass delivered
for a range of trip times

Trip time (days) 350 300 250

a f
c , mm s ¡ 2 1.60 2.59 4.97

ac
c , mm s ¡ 2 1.10 1.72 3.01

r s , g m ¡ 2 3.5 2.5 1.5
mT , kg 375 375 375
m f

p , kg 144.7 108.9 68.5
mc

p , kg
j = 0.1 200.9 180.9 170.8
j = 0.2 185.0 163.2 152.2

D m p , kg
j = 0.1 56.1 71.0 102.3
j = 0.2 40.3 54.3 83.8

j ¤ 0.45 0.51 0.65

has the same properties as the � at sail. However, a penalty will be
added to account for the additional mass required for the director
mirror. Therefore, the assembly loading of the compound solar sail
will be de� ned as r s (1 + j ), for some mass penalty j . The payload
mass of the compoundsolar sail may then be written in terms of the
total mass as

mc
p = 1 ¡ (1 + j ) r sa

c
c 2P0 mT (11)

where the superscript c refers to a compound solar sail.
For a given trip time, the compound solar sail will in general

be able to deliver a larger payload mass fraction than a � at solar
sail. However, as the mass penalty for the compound solar sail in-
creases the difference in payload mass fraction will of course fall.
The break-even mass penalty j ¤ , where both solar sails deliver the
same payloadmass, can be obtainedby equating the payloadmasses
de� ned by Eq. (10) and (11) to obtain

j ¤ = a f
c ac

c ¡ 1 (12)

To provide an evaluation of the � at and compound solar sail, the
payloadmassdeliveredto Marswill bedeterminedfor a � xed launch
mass of 375 kg, corresponding to the approximate C3 = 0 capacity
of the Taurus XL launch vehicle.

The delivered payload mass and increase in payload mass D m p

have been determined for a range of trip times, as shown in Table 1.
For the compound solar sail, a � xed mass penalty of 0.1 and 0.2 has
been assumed. It can be seen that the bene� t of the compound solar
sail for long trip times of order350 days is quitemodest,correspond-
ing to a 30% increase in deliveredpayload for a compoundsolar sail
mass penalty of 0.2. However, for fast trip times of order 250 days,
the bene� t of the compound solar sail is more signi� cant. Again,
for a mass penalty of 0.2, the payload delivered by the compound
solar sail is more than doubled. In this case the compound solar sail
delivers a greater payload mass for a mass penalty of up to 0.65.

IV. Conclusions
A simple coplanar transfer problem has been used to derive a

minimum-time steering law for a compound solar sail. It has been
shown that, in principle, a compound solar sail can deliver a sig-
ni� cantly greater payload mass fraction than a � at solar sail for
short-trip times. Because the compound solar sail has not under-
gone the same level of detailed design that � at solar sails have, it
remains to be seen whether mass penalties as low as 0.2 could be
achieved in practice. If such con� gurations are possible, compound
solar sails offer signi� cant bene� ts for future fast missions.
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Collision Dynamics for Space Tethers
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Introduction

O PERATION of tethers from large space structures such as the
Space Shuttle Orbiter and, in the near future, the International

Space Station (ISS) raises the possibility of collisions between the
tether and parts of the structure.Such collisions could occur as a re-
sult of unstable retrieval, severanceof the tether (and subsequentre-
coil), impact with space debris,or variousother unscheduledevents.
The behavior of the system during such an event has not been con-
sidered in the literature, to the best of the authors’ knowledge. An
understanding of the dynamics of such an event is considered im-
portant in the developmentof contingencymeasures for minimizing
risk.

This Note presents a methodologydevelopedto examine the col-
lision event. Numerical simulation results showing the details of a
potential collision event involving the ISS are also presented.

For the purposesof this study,a lumped-massmodel of the system
is employed. As has been recognized in a number of papers,1 ¡ 4

the lumped-mass model is better able to deal with high curvature
of the tether. This functionality is necessary to model the collision
event,whichwould typicallyoccurafter theadventof extremetether
motion.

Theory
Tether Dynamics

The tether dynamics model uses a series of n + 1 lumped masses,
connected together by n segments with linear stiffness, to represent
the tether and is similar to that developedby Banerjee4 or Banerjee
and Do.3 Some differences to these models exist in the application
of Kane’s equations to the system and in the means employed for
deployingand retrievingthe tether.The formulationof the equations
of motion is such that they can be classi� ed as Order-N, i.e., the
computational effort required to solve for the acceleration vector
of each body varies linearly with the number of bodies. Previous
validations have shown the accuracy of the model to be within 5%
for a range of situations.5

Environmentaland system contributionsto generalizedforces in-
cluded in the modelare 1)gravitationalforce, 2) tether tensionforce,
3) electromagneticforce, 4) internaldamping force, 5) aerodynamic
force, and 6) arbitrary, applied force.

Collision
The model just described above has been enhanced to enable col-

lisions to be modeled. In the present implementationonly collisions
between the tether and the space structure are considered; colli-
sions between different segments of the tether are ignored. For the
purposes of identifying locations of collisions, the space structure
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Fig. 1 Collision modeling parameters.

is modeled as a series of quads (� at, four-sided elements). Each
quad has four edges, which are used to determine if a collision has
occurred and to locate its coordinates.

Two distinct phases of a collision are considered: the occurrence
of the collision and the motion following collision. Occurrence of a
collision is detected in the following way:

Prescribe the line representing the edge i of the quad as

Edgei ( p) = Ei
0 + Ei ¢ p, (i = 1, 2, 3, 4) (1)

where Ei
0 and Ei are de� ned in Fig. 1 and p is the distance along

the edge from Ei
0 in the direction of Ei .

Prescribe the line representing the segment j of the tether as

Seg j (q) = S j
0 + S j ¢ q , ( j = 1, . . . , n) (2)

where S j
0 and S j are de� ned in Fig. 1 and q is the distance along the

segment from S j
0 in the direction of Si .

The position of the segment relative to the edge (i.e., which side
of the edge the segment is on) is found by evaluatingthe dot product
between S j and the normal to the plane a, b, c shown in Fig. 1. This
can be expressed as

Dir = Edgei (L E ) ¡ Seg j (0) £ [Edgei (0) ¡ Seg j (0)]

¢ Seg j (L S) ¡ Seg j (0) , (i = 1, 2, 3, 4; j = 1, . . . , n)

(3)

where L S is the length of the segment and L E is the length of the
edge.

By monitoring the value of Dir from one time step to the next, a
change in sign can be detectedindicatingthat the two lines (segment
and edge) have crossed. The coordinates of the intersection point
IP are approximated as the point on the edge that is the minimum
distance from any point on the crossing segment:

Distance = j Seg j (q) ¡ Edgei ( p) j

(i = 1, 2, 3, 4; j = 1, . . . , n) (4)

To minimize the distance, let

@Distance

@p
= 0,

@Distance

@q
= 0 (5)

Solving for the parameter p gives the location for the intersection
on the edge.

p =
(S j £ Ei ) ¢ Ei

0 £ S j ¡ (S j £ Ei ) ¢ S j
0 £ S j

j S j £ Ei j 2

(i = 1, 2, 3, 4; j = 1, . . . , n) (6)

T 2 =
E ASL1

2ULe l h
+

E ASL2

2UL
¡

E A

2
¡

E A

2e l h
+ ¢ ¢ ¢

E A

2
(UL ¡ SL2)2e2l h ¡ 2 UL2 ¡ (SL1 + SL2)UL ¡ SL1 SL2 e l h + (UL ¡ SL1)2 (14)

Fig. 2 Friction effects modeling
parameters.

) IP = E0 + E ¢
(S j £ Ei ) ¢ Ei

0 £ S j ¡ (S j £ Ei ) ¢ S j
0 £ S j

j S j £ Ei j 2

(i = 1, 2, 3, 4; j = 1, . . . , n) (7)

This is an approximation as the true intersection point will also
depend on the velocity of the segment and its position at the pre-
ceding time step. The full solution is, however, considerably more
complex and would signi� cantly increasecomputationaltime while
providing only a very small increase in accuracy.

Finally, check that the coordinates of the intersection point are
within the bounds of both the segment and the edge:

[Edge(0) ¡ IP] ¢ [Edge(L E ) ¡ IP] > 0 (8)

[Seg(0) ¡ IP] ¢ [Seg(L S ) ¡ IP] > 0 (9)

Having detected and located a collision, the simulation must be
modi� ed to model accurately the new system. This is achieved by
adjusting direction of the spring force generated by tether elasticity
so that tension is directed toward the intersectionpoint. The magni-
tude of the spring force is adjusted using revised tension based on
friction effects as discussed next.

Friction Effects
The effects of friction between the edge of the quad and the

segment are incorporated in the model. The effects of friction are
twofold.First theydeterminethemagnitudeof the tensionin the seg-
ment on either side of the intersection, and second they determine
how the tether segment slips sideways along an edge. Parameters
for both effects are given in Fig. 2. These two effects are modeled
separately.The magnitude of the tension on either side of the inter-
section is signi� cantly in� uenced by the local geometryof the edge.
For simplicity in this analysis, it is assumed that the geometry of the
edge is a constant radiuscurve (see Fig. 2). This assumptionpermits
the use of the Euler formula for belt friction around a pulley:

T1 / T2 = e l h (10)

where l ( >0) is the frictioncoef� cient between the surfaces, h ( >0)
is the angle of lap, and T1 and T2 are the tension in the segment on
either side of the edge (T1 > T2 ) (local variation in tension over the
edge is ignored).

The values of T1 and T2 can be determined by the linear elastic
and compatibility relationships in Eqs. (11–13):

T1 = E A[SL1 /UL1 ¡ 1] (11)

T2 = E A[SL2 /UL2 ¡ 1] (12)

UL1 + UL2 = UL (13)

where SL1 and SL2 are the stretched lengths of the tether segment
correspondingto T1 and T2 , UL1 and UL2 are the unstretchedlengths
of the tether segment correspondingto T1 and T2 , UL is the total un-
stretched lengthof the tether segment, and E A is the tether stiffness.

Solution of Eqs. (11–13) for tension in the segment on either side
of the intersection yields
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T 1 = T 2e l h (15)

In the formulation thus far, no speci� cation has been made as
to which side of the intersection has the greater tension (T1 > T2).
Because surface friction must oppose the direction of motion, the
greater tension T1 must occur in the part of the segment with the
greatest motion away from the edge. The lower tension T2 must
thereforeoccur in the part of the segment that has the greatestmove-
ment toward the edge.

The second effect of friction, slippage of a segment sideways
alonganedge,is determinedbycalculatinga normal forceN andside
force G, caused by the collision,and then relocatingthe coordinates
of the collision to place the system in equilibrium. For the case
where the tether slides in the positive direction across the edge, the
process is as follows:

Prescribe the resultant force R of the tether on the edge:

R =
Seg j (L) ¡ IP

j Seg j (L) ¡ IPj
T1 +

Seg j (L) ¡ IP

j Seg j (0) ¡ IPj
T2

( j = 1, . . . , n) (16)

Calculate the side force G and the normal force N:

G = (R ¢ Êi )Êi (17)

N = R ¡ G (18)

Finally calculate the friction force F:

F = ¡ j l N j Ĝ (19)

Placement is determined by moving the intersection point IP
along the edge until the side force G is less than the friction force
F. These friction models do not account for the inertia of the tether
segment, which is assumed to be small.

The model also incorporatesthe technology to release a collision
whenappropriate.This may occur, for example, if the tether reverses
its swing or if the tether slides off an edge.The method for detecting
a release is essentially the same as for detecting a collision.

Additional Features
One further feature of the collisionmodel accounts for the special

case, where the motion of a lumped mass at the end of a segment
causes it to collide with the center of a quad. The model detailed
thus far does not account for this case and would allow the lumped
mass to pass through the quad. The system must be monitored for
such collisions.To do this, the projectedpositionof the lumpedmass
onto the quad P along a line normal to the quad is calculated.

P =
d ¡ M̂ ¢ LM

M̂ 2
(20)

where LM is the positionof the lumped mass, M is the quadnormal,
and M ¢ Q =d where Q is any point on the quad.

The distance from the lumped mass to the quad is then given by

D = j LM ¡ P j (21)

Impact is said to have occurred if the distance D is less than a
prede� ned thickness of the quad and if the point P on the quad is
within the bounds of the quad.

When a collision is detected, the normal component of the ve-
locity of the lumped mass, relative to the quad, is reversed, thus
simulating rebound. A coef� cient of restitution to simulate damp-
ing during the impact is also introduced into the equation:

VR = VI ¡ M̂(VI ¢ M̂)(1 + RC ) (22)

where VR is the rebound velocity,VI is the impact velocity, and RC
is the coef� cient of restitution (0 < RC < 1)

The modeling procedure described here can be easily extended
to allow for multiple collisions on one segment and the sliding of

Fig. 3 Tether collision simulation (subsatellite attached).

an intersection point past a lumped mass. These features have been
included the computer implementation of this model.

Analysis
Simulation Cases

A number of cases have been identi� ed where collisionsbetween
the tether and the structure of the ISS are possible; these include 1)
excessive retrieval rate, 2) undamped skip-rope motion during re-
trieval, and 3) tether recoil (resulting from tether severance). Tether
recoil is distinctly different from the other cases, as the subsatellite
will not be attached to the tether (because the tether has severed).
Because the subsatellite is no longer attached, the tether goes slack
and recoil occurs very rapidly. It is therefore the most dif� cult colli-
sion case to prevent. Simulations have shown that entanglement of
the ISS can occur in less than 40 s in this case.

A much simpler collision case where the subsatellite is attached
to a short tether, which is swinging upward past the ISS (this could
occur for various reasons, but could be easily prevented through
intentional severance of the tether), is presented in Fig. 3. The
following stages can be observed: 1) free tether; 2) tether inter-
section with solar panel; 3) tether slipping along solar panel, as-
sociated tether dynamics and rebound of the tether off the quad;
and 4) tether slipping off the quad (release) and associated tether
dynamics.

Discussion
The method presented for modeling the tether after a collision is

superior to the introductionof a new node at the intersection point.
Introduction of a new node would change the system properties
signi� cantly. In particular,constraintequationsor forceswould need
to be added for the extra node. Also, the position of the new node
would need to be continuouslyadjustedas the tether segmentmoves
across the edge.

Results of the analysis clearly show that the algorithm described
enables detection of collisions. More important, it allows the sim-
ulation to continue and the dynamics of the event to be studied.
Simulations where the tether recoil occurs have shown that follow-
ing severance the ISS can rapidly become entangled in the tether.
However, because the subsatellite is not attached, the tension in the
tether is low, and hence contact forces are also low. Entanglement
can, however, still constitute signi� cant hazard. Simulations where
severance does not occur and the subsatellite is still attached show
a much greater time before � rst contact. Higher contact forces also
occur; however, prevention is relatively easily implemented via in-
tentional severance of the tether at the ISS.

Conclusions
An algorithmfor thedetectionandmodelingofcollisionsbetween

a space structureand a tether has been presented.This algorithmhas
been merged into a dynamic simulation package using a lumped-
mass model for the tether. A simulation of a possible collision case
involving the ISS has been presented using this model.
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Further applications of this technique can include the study of
tether dynamics during contact between the tether and the deployer
mechanism or guide.
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Two Projectiles Connected by a
Flexible Tether Dropped

in the Atmosphere
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Introduction

C ONNECTING two bodiesbymeansof a tetherhasbeenused in
many aerospace applications including tethered spacecraft,1,2

aircraft air refueling,3,4 and atmospheric balloons.5 More recently,
designers have proposed weapon systems consistingof two projec-
tiles connectedby a tether line.6 In these concepts the lead projectile
is generallya bomb, and the followerprojectile is a sensor platform.
The ordnance is released from an aircraft at altitude and drops to-
ward a target on the ground. Initially, the two projectiles are rigidly
attached. At a prespeci� ed time the projectiles separate and subse-
quently unreel the tether line. After the tether line is fully payed
out, the system settles toward a steady state as it approaches the
ground. Maximum tether line loads usually occur shortly after the
tether is fully deployed. This time instant is de� ned as the snatch
point. Snatch loads are typically large, to the point where line fail-
ure is an important concern. Designers must balance the need to
unreel the tether line in a speci� ed period of time while at the same
time limiting tether line loads, follower projectile acceleration, and
lead projectile trajectory deviations. Previous work by Frost and
Costello7 developed a dynamic model suitable for simulating the
exterior ballisticsof this weapon system from release of the weapon
to impact on the ground. Here, we use this dynamic model to estab-
lish how primary system design parameters such as projectile mass
ratio, drag coef� cient ratio, and tether stiffness affect performance
of the weapon.

Dynamic Model Description
Both the lead and follower projectiles are modeled as point

masses, and the tether line is likewise discretizedas an openchainof
pointmasses, or beads,where adjacentmass elementsare connected
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by a spring and damper in parallel.Each bead has three translational
degrees of freedom. The projectiles and tether beads are acted upon
by gravitational, aerodynamic, and elastic forces. The Earth’s sur-
face is used as an inertial reference frame. Air density is computed
using the standard atmosphere model.8 The projectile drag coef-
� cients are Mach-number dependent and are computed by linear
interpolation of tabulated data. Aerodynamic forces on the tether
line include skin-friction drag along the tether line and � at-plate
drag perpendicular to the tether line. As the lead and follower pro-
jectiles separate, the tether line pays out. There are two aspects to
modeling this process, namely, the pay out of the tether line from
the lead projectile and the motion of released tether line. The tether
deployment model initially places all tether beads on the lead pro-
jectile. As the tether line is payed out, beads are released from the
lead projectile into the atmosphere.A bead is not placed into the at-
mosphere until a suf� cient length of line has been unreeled.For this
reason,duringdeploymentonly a fractionof the tetherbeadsare dy-
namically active in the atmosphere. When a bead is placed into the
atmosphere, it is placed along the line from the release point to the
last bead released, and initial conditions are established such that
the elastic force across the line is unchanged. This tends to prevent
a discontinuity in the tether line out rate as a result of bead release.
However, because aerodynamic forces act on the bead immediately
after it is released, a slight perturbation is generally observed when
a tether bead is released. When a bead is released, the mass of the
lead projectile is reduced by the released bead weight; the length
from the release point to the last tether bead released is reset along
with the stiffness and damping coef� cients of the exiting tether line.
The elastic force between the lead object and the neighboring bead
acts on the reel to pay out the tether line. When the full length of
tether line has been unspooled, the acceleration and the velocity of
the reel are set to zero.

Simulation Results
Typical values were selected for a generic 2000-lbf (8896.44 N)

bomb lead projectile released from a parent aircraft and a fol-
lower projectile, which is a sensor platform. The lead projectile
is released from the parent aircraft at an altitude of 25,000 ft
(7620 m) and a speed of 500 ft/s (152.4 m/s). The lead projec-
tile reference area is 1.77 ft2 (0.164 m2 ). The follower projectile
weighs 20 lbf (88.96 N) (1% of the lead projectile) and is re-
leased from the lead projectile at t =0 s. The tether line has the
following properties: length =1000 ft (304.8 m), weight per unit
length =0.01 lbf/ft (0.146 N/m), diameter = 0.0082 ft (0.0025 m),
stiffness =62,500 lbf¢ ft/ft (278,013 N-m/m), skin-friction drag
coef� cient = 0.007, and � at-plate drag coef� cient =1.1. The tether
reel weighs 5 lbf (2.24 N). All simulation results use 100 beads to
discretize the tether line.

The separation dynamics are driven in large part by the differ-
ence between the drag forces on the lead and follower projectiles.
Figure 1 plots the range of the lead and follower projectiles for � ve
different follower-to-lead drag coef� cient ratios (1.25, 1.50, 1.75,
2.00, and 5.00). The shape of the drag coef� cient curve vs Mach
number is identical for both projectiles. As would be expected, a
decrease in range is noticed when the drag coef� cient ratio is in-
creased. One of the primary questions designers are faced with is
how to shape the follower projectile to unreel the tether line over a
speci� ed duration of time while at the same time limiting the tether
line maximum loads and the follower projectile acceleration at the
snatch point. Figure 2 shows the length of tether line deployed from
the lead projectile over the trajectory for different drag coef� cient
ratios. Figure 3 plots the magnitude of the inertial velocity of the
lead projectile. When the follower projectile drag coef� cient is in-
creased relative to the lead projectile, the tether line pays out more
rapidly so that tether line tension acting on the lead projectile is
higher over a longer portion of the trajectory, contributing to a de-
crease in range. For a drag coef� cient ratio of 5.0, the decrease in
range of 15% is substantial;however, the correspondingdecrease in
the tether deployment time of approximately 1 s is modest. For the
con� guration analyzed the steady-state drop velocity is larger than
the release velocity so that the lead projectile increases its speed
over the trajectory until it impacts the ground and its velocity goes


